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We present a kind of integrable couplings of soliton equations hierarchy with self-
consistent sources by using the loop algebra s˜l(4). As an application, a new integrable
couplings of the generalized Wadati–Konono–Ichikawa (G-WKI) equations hierarchy with
self-consistent sources is derived through the enlarged loop algebra s˜l(4).
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1. Introduction
Soliton equations with self-consistent sources (SESCSs) have important physical applications [1,2]. SESCSs have an
important role in physical areas such as hydrodynamics, solid state physics, plasma physics, and so on.
Meanwhile, integrable couplings have been receiving more and more attention. A few ways to establish integrable
couplings are presented by using perturbations [3,4], enlarging spectral problems [5,6], semi-direct sums of Lie
algebras [7,8], and creating new Lie algebras [9,10]. Moreover, Ma has done a series of original work on considerably
improving the Tu trace identity to construct a Hamiltonian structure for the more general systems. By using semi-direct
sums of Lie algebras, the Hamiltonian and quasi-Hamiltonian structures were constructed [11]. In Ref. [12], Ma presented a
supertrace identity and superintegrable systems. Through semi-direct sums of Lie algebras, the discrete variational identity
was given in [13].
In particular, AKNS, MKdV and KdV equation hierarchies with self-consistent sources have been presented in [14].
However, these methods are not designed for constructing the integrable coupling equations hierarchy with self-consistent
sources. Hence, in this paper we consider establishing a kind of integrable coupling system with self-consistent sources by
using the loop algebra s˜l(4).
The paper is organized as follows. In Section 2, we obtain a kind of integrable couplings of soliton equations hierarchy
with self-consistent sources by using the loop algebra s˜l(4). In Section 3, an integrable couplings of the G-WKI solitons
hierarchy with self-consistent sources is derived by using the loop algebra s˜l(4).
2. An integrable couplings of solitons hierarchy with self-consistent sources
In the following, we consider a set with Lie algebra sl(4) [8,15]:
e1 =
1 0 0 00 −1 0 00 0 1 0
0 0 0 −1
 , e2 =
0 1 0 00 0 0 00 0 0 1
0 0 0 0
 , . . . , e7 =
0 0 0 00 0 0 10 0 0 0
0 0 0 0
 . (1)
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It is easy to see that
sl(4) = span{e1, e2, e3, e4, e5, e6, e7}, sl(4)1 = span{e1, e2, e3}, sl(4)2 = span{e4, e5, e6, e7} (2)
construct three Lie algebras, and satisfy the relations sl(4) = sl(4)1 ⊕ sl(4)2, [sl(4)1, sl(4)2] = sl(4)1sl(4)2 − sl(4)2sl(4)1 ⊆
sl(4)2.
Consider the auxiliary linear problemφ1φ2φ3
φ4

x
= U(u, λ)
φ1φ2φ3
φ4
 , U(u, λ) = e1(λ)+ 7−
i=1
uiei(λ),
φ1φ2φ3
φ4

tn
= Vn(u, λ)
φ1φ2φ3
φ4
 , (3)
where u = (u1, . . . , us)T , Un = e0+u1e1+· · ·+upep, ui(x, t) = ui (i = 1, 2, . . . , p), φi = φ(x, t) are field variables defined
on x ∈ R, t ∈ R; ei = ei(λ) ∈ sl(4).
From the compatibility condition of (3), this gives rise to the well-known zero-curvature equation
Unt − Vnx + [Un, Vn] = 0, n = 1, 2, . . . , (4)
and the equation
Vx = UV − VU, V =
∞−
n=0
Vnλ−n =
a b d ec −a f −d0 0 a b
0 0 c −a
 . (5)
Then, we search Vn for△n ∈ sl(4). The new Vn can be constructed as follows:
Vn =
n−
m=0
Vm(u)λn−m +△n(u, λ), △n(u, λ) =
△n1 △n2 △n4 △n5△n3 −△n1 △n6 −△n40 0 △n1 △n2
0 0 △n3 −△n1
 , (6)
where the△ni are linear functions of an, bn, cn, dn, en and fn.
In Eqs. (3) and (5), the U(u, λ) and V (u, λ) are taken from the non-semisimple Lie algebras sl(4); therefore we consider
the following variational identity in [11,16]:
δ
δu
∫ 
V ,
∂U
∂λ

dx = λ−γ ∂
∂λ
λγ

V ,
∂U
∂u

, (7)
where γ is a constant, ⟨·, ·⟩ is a non-degenerate, symmetric and invariant bilinear form, and U, V ∈ sl(4) satisfy the
stationary zero-curvature equation Vx = [U, V ].
Introduce a mapping
δ : sl(4)→ R7, A → (a1, . . . , a7)T , A ∈ sl(4).
A general bilinear form on R7 is given by
⟨a, b⟩ = aT Fb, a, b ∈ R7, (8)
where F is a constant matrix, called the structural matrix of the bilinear form.
Define a scalar H = H(u, λ) by the equation
H =
∫ 
V ,
∂U
∂λ

dx, H =
∞−
n=0
Hn(u)λ−n. (9)
The set {Hn} proves the conserved densities of (4). The Hamiltonian form with Hn can be written as
utn = J
δHn
δu
,
δHn
δu
= LδHn−1
δu
= · · · = Ln δH0
δu
, n = 1, 2, . . . . (10)
We consider the auxiliary linear problem of Eq. (3). For N distinct λj, j = 1, . . . ,N , the following system is presented:φ1jφ2jφ3j
φ4j

tn
= Vn(u, λj)
φ1jφ2jφ3j
φ4j
 =  n−
m=0
Vm(u)λn−mj +△n(u, λj)
φ1jφ2jφ3j
φ4j
 , j = 1, . . . ,N. (11)
According to the result in [17], we show the following equation:
δHk
δu
+
N−
j=1
αj
δλj
δu
= 0, (12)
where the αj are constants, and
δHk
δu determines a finite-dimensional invariant set for the flows (11).
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For (3), we define
δλj
δui
= 1
2

Ψj,
∂U(u, λj)
δui

= 1
2
⟨Ψj, ei(λj)⟩, i = 1, . . . , 6. (13)
Eq. (13) was first presented in Ref. [18], as a similar formula for computing the variational derivative of the spectral
parameters in the binary nonlinearization theory, where
Ψj =

φ1jφ2j −φ21j φ3jφ4j −φ23j
φ22j −φ1jφ2j φ24j −φ3jφ4j
0 0 φ1jφ2j −φ21j
0 0 φ22j −φ1jφ2j
 , j = 1, . . . ,N. (14)
For i = 3, 4, we have
δλj
δui
= 1
2
Tr

ΨjA
∂U0(u, λj)
δui

, (15)
where
U =

U1 U0
0 U1

, ΨjA =

φ3jφ4j −φ23j
φ24j −φ3jφ4j

.
A kind of integrable couplings of Hamiltonian soliton equations hierarchy with self-consistent sources is presented as
follows:
utn = J
δHn
δu
+ J
N−
j=1
δλj
δui
= JLn δH0
δu
+ J
N−
j=1
δλj
δui
n = 1, 2, . . . . (16)
3. An integrable couplings of the G-WKI equations hierarchy with self-consistent sources
In this section, we construct the integrable couplings of the G-WKI equations hierarchy with self-consistent sources
associated with s˜l(4).
To illustrate our method, we consider the following coupling G-WKI matrix spectral problem:
φx = U(u, λ)φ, U(u, λ) = e1(1)+ ve1(0)+ ve2(1)+ we3(1)+ u3e4(1)+ u4e6(1). (17)
To establish the integrable coupling system of the G-WKI solitons hierarchy, the adjoint equation Vx = [U, V ] of the
spectral problem (17) is first solved; we assume that a solution V is given by
V =
∞−
n=0

anλ+ van + bnx
λ
anvλ+ bnx dn 0
anwλ+ cnx −anλ− van − bnx
λ
fn 0
0 0 anλ+ van + bnx
λ
anvλ+ bnx
0 0 anwλ+ cnx −anλ− van − bnx
λ

λ−n. (18)
Therefore, the condition becomes the following recursion relation:
λanx + (van)x + λ−1bnxx = λ(−wbnx + vcnx),
λ(van)x + bnxx = 2λbnx,
λ(wan)x + cnxx = 2(wbnx − vcnx)− 2λcnx,
dnx = λdn + vdn − u3(λan + van + λ−1bnx)− λvfn + u4(λvan + bnx),
fnx = −λfn − vfn + u4(λan + van + λ−1bnx)− λwdn + u3(λwan + cnx).
(19)
If we set
a0 = β√
1+ vw , b0 =
βv
2
√
1+ vw , c0 =
−βw
2
√
1+ vw ,
we see that all sets of functions an, bn, cn, dn, fn are uniquely determined. In particular, the first few sets are
c1 = βwx4(1+ vw)3/2 −
βv ∗ w
2(1+ vw)3/2 −
αβ√
(1+ vw) , d0 =
βu3√
1+ vw , f0 =
βu4√
1+ vw . (20)
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From Eq. (19), we can obtain the following recursion relation for cn+1, bn+1, dn+1 and fn+1:−cn+1bn+1dn+1
fn+1
 = L
−cnbndn
fn
 , L =
L11 L12 0 0L21 L22 0 0L31 L32 L33 L34
L41 L42 L43 L44
 , (21)
we define w˜ = w√
1+wv , v˜ = v√1+wv , as follows:
L11 = −12∂ +
w˜
4
∂−1v˜∂2 + w˜vx∂−1v∂ − ∂−1v∂,
L12 = − w˜4 ∂
−1w˜∂2 − ∂−1w∂ − w˜∂−1 1√
1+ wv ∂ + w˜vx∂
−1w∂,
L21 = v˜4 ∂
−1v˜∂2 + v˜vx∂−1v∂, L33 = 11+ vw (∂ − v),
L22 = 12∂ −
v˜
4
∂−1w˜∂2 − v˜∂−1 1√
1+ wv ∂ + v˜vx∂
−1w∂,
L31 = 11+ vw (2u3v∂
−1v∂ + (u3 + vu4)∂−1(w∂L21 + v∂L11)− 2u3vL11 − 2u4L21),
L32 = 11+ vw (2u3v∂
−1w + (u3 + vu4)∂−1(w∂L22 + v∂L12)− 2u3vL12 − 2u4L22),
L41 = 11+ vw ((u3v + u4)(∂
−1w∂L21 − v∂L11)+ 2u4vL21 + 2u3v∂ − 2u3L11),
L42 = 11+ vw ((u3v + u4)(∂
−1w∂L22 − v∂L12)+ 2u4vL22 + 2u3v∂−1w − 2u3L12),
L34 = 11+ vw (−v∂ − v
2), L43 = 11+ vw (−v∂ + v
2), L44 = 11+ vw (−∂ − v). (22)
Considering
Γ = V +∆, ∆ =
−2bn+1 − 2vbn −2vbn+1 0 0−2wbn+1 2bn+1 + 2vbn 0 00 0 −2bn+1 − 2vbn −2vbn+1
0 0 −2wbn+1 2bn+1 + 2vbn
 , (23)
from the zero-curvature equation Ut − Γx + [U,Γ ] = 0 we obtain a new integrable coupling system:
Ut − Vx + [U, V ] −∆x + [U,∆] = 0. (24)
Substituting Eqs. (17) and (23) into (24), this gives rise to a novel integrable coupling system of equations hierarchy
 vwu3
u4

t
= J
−cn+1bn+1dn+1
fn+1
 =

0
1
2
∂2 − ∂v 0 0
−1
2
∂2 − v∂ −(w∂ + ∂w) 0 0
0 u3∂ − 2vu3 ∂ + v 0
0 −u4∂ − 2vu4 0 ∂ + v

−cn+1bn+1en+1
fn+1
 . (25)
On taking u3 = u4 = 0, the solitons hierarchy (25) reduces to the G-WKI equations hierarchy. The system (25) is just the
integrable couplings of the G-WKI equations hierarchy.
We construct the integrable couplings of G-WKI equations hierarchy with self-consistent sources. Considering the
auxiliary linear problems (3), from Eqs. (13) and (14) we have
N−
j=1
δλj
δui
= 1
2
2⟨Φ1,Φ2⟩ +Λ⟨Φ2,Φ2⟩−Λ⟨Φ1,Φ1⟩Λ⟨Φ3,Φ4⟩
Λ⟨Φ4,Φ4⟩
 . (26)
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According to the results in Eq. (17), a kind of integrable couplings of soliton equations hierarchy with self-consistent
sources is presented as follows:
 vwu3
u4

t
=

0
1
2
∂2 − ∂v 0 0
−1
2
∂2 − v∂ −(w∂ + ∂w) 0 0
0 u3∂ − 2vu3 ∂ + v 0
0 −u4∂ − 2vu4 0 ∂ + v


−cn+1bn+1dn+1
fn+1
− 1
2
2⟨Φ1,Φ2⟩ +Λ⟨Φ2,Φ2⟩−Λ⟨Φ1,Φ1⟩Λ⟨Φ3,Φ4⟩
Λ⟨Φ4,Φ4⟩

 . (27)
We obtain the integrable coupling system of G-WKI equations hierarchy with self-consistent sources by using the Lie
algebra sl(4). When u3 = u4 = 0, it is the well-known nonlinear G-WKI equation with self-consistent sources. So the
system (27) is a novel soliton equation hierarchy.
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